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Even extremely liquid markets, as the market for European style options on equity in-
dexes, sometimes fail to provide sufficient data for pricing its options, e.g. particular
options are not liquid enough.

We are to investigate an extension of a well-known and widely spread “market-based”
Vanna-Volga method, which not only allows to retrieve reasonable estimates for option
premiums, but also to determine consistent implied volatilities easily. The theoretical re-
sults are then analyzed using the daily settlement prices of Dow Jones EURO STOXX 50
call options provided by Deutsche Borse. Introducing a stochastic volatility model we
were also able to deliver an explanation for the formulas, which were previously heuris-

tically justified merely by formal expansion of the option premium by Ito.
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1 Introduction

1.1 Motivation

We investigate a method for a simple and transparent derivation of the implied volatility
smile from the market data. A knowledge of the contemporary volatility is crucial for
traders, especially in Foreign Exchange market, since options are priced in terms of
volatility. But also traders in other markets are interested in an easily reproducible
methodology to retrieve the volatility smile — for hedging, exploiting arbitrage or trading
volatility spreads. The procedure also delivers options premiums. This can be used for
pricing illiquid options, e.g for deep in-the-money options. The investigated procedure
requires the existence of four liquid options, whose implied volatilities are then readily
available. By adjusting the theoretical Black-Scholes price with costs for an over-hedge
one receives the desired market consistent option premium.

An Ornstein-Uhlenbeck stochastic volatility process provides the theoretical frame-
work. Being mean-reverting, the volatility process tends to its mean level. Thus, experi-
encing a fast mean-reverting volatility, we are able to approximate option premiums by
the Black-Scholes price adjusted by higher order derivatives of the option premium with
respect to the underlying spot price.

The theoretical results are evaluated with options on a highly traded Pan-European
index DJ EURO STOXX 50. The settlement data were provided by Deutsche Borse.

1.2 Outline

A brief overview of Eurex is given in Chapter 2.

Mathematical and economical terms referred to in this thesis are dealt with in Chapter 3.
In Chapter 4 we use the Vanna-Volga method for deriving option premiums and volatility
smile.

Chapter 5 deals with an extension of the Vanna-Volga method. Obtained results are

compared in Chapter 6.



Pricing under mean-reverting stochastic volatility together with the resulting pricing
formula is explained in Chapter 7. The Appendix contains auxiliary tables and figures
as well as a description of the Matlab program.

The set of data for EURO STOXX 50 provided by Microstrategy® contains:

e Underlying close price Sy
e Call and put settlement prices CM PME
e Strike price K
e Time to expiration T=T—1
e Implied volatility I

We restrain our observations on options with fized-strike moneyness m := %
0.8<m<1.2,

since they are the most liquid in the market and thus bear the most information. The
other restriction is the consideration of call options only - the same results can be
obtained for put options due to the put-call parity (see Definition 5). Put options are

used for the estimation of the interest rate.

*Data portal by Deutsche Borse



2 Eurex

Eurex is the world leading derivatives exchange. It offers fully electronic trading in a
large number of derivatives. Facilities like Wholesale Trading (OTC), Eurex Strategy
Wizard or Market Making are available to the market to ensure liquidity and simplicity
in trading. We take a look at derivatives on the EURO STOXX 50 traded at Eurex
relevant for the thesis. A brief introduction of the Market Making Program thereafter
is connected to the question stated in the Chapter 5.2.

2.1 Derivatives on DJ EURO STOXX 50 at Eurex

Dow Jones EURO STOXX 50 is a blue-chip index containing the top 50 stocks in the
Eurozone.* The stocks, capped at ten percent, are weighted according to their free float
market capitalization with prices updated every 15 seconds. DJ EURO STOXX 50 Index
derivatives are the world’s leading euro-denominated equity index derivatives.

European style options on the Index traded at Eurex (OESX) are available with
maturities up to 10 years. The last trading day is the third Friday of each expiration
month. The final settlement price is calculated as the average of the DJ EURO STOXX
50 Index values between 11:50 and 12:00 CET. The contract value is EUR 10. The
minimum price change is 0.1 index point which is equivalent to EUR 1. At least seven
exercise prices are available for each maturity with a term of up to 24 months. For these
maturities the exercise price intervals are 50 index points; The exercise price interval for
options with maturities larger than 36 month is 100 index points.

Futures on the EURO STOXX 50 (FESX) have excellent liquidity having a minimum
price change of one index point which is equivalent to EUR 10.

VSTOXX, based on the DJ EURO STOXX 50 options, is an implied volatility index
traded on the Deutsche Borse. It is set up as a rolling index with 30 days to expiration

and derived by linear interpolation of the two nearest sub-indexes.” Sub-indexes per

*For current composition of the index visit www.stoxx.com .
TFor detailed information on the derivation see [11].



option expiry are computed for the first 24 months, giving 8 sub-indexes in total, which
are updated once a minute.

Volatility futures on VSTOXX (FVSX) can be used for trading calendar and market
spreads, as a hedging tool (e.g. crash risk), speculating (e.g mean-reverting nature of

volatility).

2.2 Market Making at Eurex

Designated traders, called Market Makers, are granted a license to make tight markets in
options and several futures contracts. This increases liquidity and transparency. Every
exchange participant may apply to be a Market Maker. Three models, which differ in
the kind of response to quote requests, continuous quotation and products selection, may
be chosen.

Specifically:

o Regular Market Making (RMM) is restricted to less liquid options on equities,
equity indexes and Exchange Traded Funds (EXTF) and to all options in fixed
income (FX) futures. RMM allows to choose products to quote (if available) with

the obligation to response to quote requests in all exercise prices and all expirations.

e Permanent Market Making (PMM) is available for all equity, equity index, EXTF
options and options on FX futures. Products in which participants would like to
act as PMM can be selected individually. The obligation is to quote for a set of

pre-defined number of expirations 85% of the trading time continuously.

o Advanced Market Making (AMM) is available for any pre-defined package of equity
and /or equity index options as well as on FX options with an obligation of contin-
uous quotation for a set of exercise prices for a pre-defined number of expirations

and options.

If traders fulfill the obligations they are refunded transactions and exercise fees.
We give here a detailed description of PMM in index options only.¥ PMM consists of
three obligation levels - PMM, PMM short (PMS) and PMM long (PML). The obligation

fFor further information on Market Making please visit
www.eurexchange.com > Market Model > Market-Making.



to quote for an average of 85 percent must be fulfilled for all expirations up to a defined
maximum maturity. Asymmetric quotation is allowed. PMM and PMS are obliged to
quote calls and puts in five exercise prices out of a window of seven around the current
underlying price — one at-the-money, three in-the-money and three out-of-the-money
exercise prices. Compared to PMM, PMS must quote a larger minimum quote size, but
fewer expirations.

PML concentrates on long-term expirations — more than 18 and up to 60 months. The
obligations are fulfilled by quoting six exercise prices out of a window of nine around
the current underlying price. For that compare Figure 2.1 where the contract months

up to 10 years are defined as follows:

The three nearest successive calendar months (1-3), the three following quarterly
months of the March, June, September and December cycle (6-12), the four fol-
lowing semi-annual months of the June and December cycle (18-36) and the seven

following annual months of the December cycle (48-120).

A protection tool against system-based risk, called “Market Maker Protection”, is pro-
vided by Eurex for Market Makers in PMM and AMM. It averts too many simultaneous
trade executions on quotes by Market Maker by counting the number of traded contracts

per product within a defined time interval, chosen by the Market Maker.
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Figure 2.1: Trading obligations for PMM and PML.

The solid vertical line denotes the at-the-money strike. The light grey area is the PMM
area with the obligation to quote five out of seven strikes. The dark grey is the PML area
with the obligation to quote six out of nine strikes



3 Preliminaries

3.1 Mathematical Terms

We first introduce some theorems and definitions.

Let T* > 0 be a finite time horizon. We consider a complete filtered probability
space (Q, F,P,F) satisfying the usual conditions,* where € is the set of states, F is a
o-algebra, P : 7 — [0, 1] a probability measure and F := (F}):cjo,r) a filtration generated
by a n-dimensional Brownian motion W;.

We present a generalized version of Girsanov’s Theorem.

Theorem 1 (Girsanov’s Theorem)

Let X; be a process with

t t
X — Xo :/ uudu+/ o dW, (3.1)
0 0
where 1 : Q xRy — Rand 0 : Q x Ry — R, are adapted and (F ® R, )-measurable,

with
T T
/ oldu < oo P-as. and / |pu|du < 0o P-a.s.
0 0

Let r; be an adapted process with fOT |ru|du < oo (P-a.s.) such that
T B 2
/ (Nu T") du < oo ..
0 Ou
¢ u~ lTu 1 ! u~ lTu 2
Zt:exp<—/'u rqu——/ (’“‘ T)du .

IfE [ZT} = 1 then we can define a new measure Q such that

We set

aQ _
dP

*Right continuous and saturated for P-null sets.

Zr




then X has the representation under Q
t t A
X, — X = / Tudu+/ o, AW, ,
0 0

where W, is a Q Brownian motion.

Proof
See [18], Chapter VII, §3b. n

A process o; is called square integrable, denoted by o, € L2, if

T
/ Elo2]du < co.
0

GiVen a Process Xt, processes
t— ,LL(t, Xt) t— O'(t, Xt) t— T(t, Xt)

also satisfy Girsanov’s theorem.

A process of the form (3.1) is referred to as an It process. Girsanov’s Theorem allows
a representation of [t6 processes with respect to a shifted Brownian motion Wt, which
naturally defines a new measure, an equivalent martingale measure — measure, giving
probability zero to events, which had probability zero under the initial measure.

The first integral in (3.1) is the Riemann-Stieltjes integral, the second is a stochastic

integral defined to be an £2-limit of an approximating sequence of simple’ functions :

b b n—1
71113()10 Gn(uw)dW,, = / g(u)dw, = Zg(tk) (Wieos — We ], (3.2)
@ a k=0

where ffE[(gn(u) —g(u)?]du —0and a =ty < --- <t, =b.

The stochastic integral in (3.2) is evaluated with forward increments of the Brownian
motion. This has an economic interpretation and is closely related to the point of
arbitrage: interpreting g as the number of assets bought at ¢, and held till ¢;; and W,
as the price of a driftless asset at t one profits g(ty) [Wtk o Wtk] . If one would be able
to anticipate the price evolution, a riskless profit could be possible.

Consider a portfolio consisting of n + 1 underlyings (without loss of generality we

tThat is, there exist deterministic time points a = tg < --- < t, = b, such that o (¢, X;) is constant on
each subinterval.



assume the first underlying to be a riskless bond B;)
VE=GB+) G X
i=1

The vector of adapted processes ¢; = (¢},...,¢"), with fot |C%du < oo, Vt < T* and
¢!, i=1...n is square integrable, is called a trading strategy. Vf is referred to as the
value of the portfolio at time t.

The portfolio V¢ described above is self-financing if its value vary only due to the

variations of the market

t n t
VE—v(fz/ chBu+Z/ Ci - dXi
0 — Jo

Definition 1 (Arbitrage Opportunity)

An arbitrage opportunity is a self-financing portfolio ¢ such that

VOC =0,
V>0, P-as.

The subsequent result by Delbaen and Schachermayer links the existence of an equiv-
alent martingale measure stated by Girsanov’s Theorem with the absence of arbitrage
opportunities.

Theorem 2 (Fundamental Theorem of Asset Pricing)
There exists an equivalent martingale measure for the market model if and only if the
market satisfies the NFLVR (“no free lunch with vanishing risk”) condition.

Proof
See [4]. n

A financial market is called complete if every contingent claim H with maturity 7" can
be replicated by trading a self-financing strategy (, that is the value of the portfolio held

according to the trading strategy at time T equals the contingent claim

Vi=H P-as.

Theorem 3 (Complete Market Theorem)
A financial market is complete if and only if there exists exactly one equivalent martingale

measure.



Proof
See [§]. =

The following theorem describes the evolution of a continuous semimartingale, a pro-
cess X; that can be written as M; + A;, where M, is a continuous local martingale and
A, is a continuous adapted process of bounded variation. This decomposition, called
the Doob-Meyer decomposition, is unique for My = Ay = 0.} Thus an Itd process
is a continuous semimartingale, whose finite variation and local martingale parts (as
those on the right-hand side of (3.1) respectively), satisfy that both fot p(u, X, )du and

fo o(u, X, )dW,, fo X, )dW,) are absolutely continuous. The most general form of
a stochastic integral can be defined with a previsible bounded process as the integrand

and a semimartingale as an integrator.

Theorem 4 (Itd’s Lemma)
Let f : R™ — R be a twice continuously differentiable function and let X = (X!,... X")

be a continuous semimartingale in R"™. Then for all ¢ > 0 holds

(X)) — f(Xo) = Z / o(X WAXE + = ZZ: / axzaxa V(X' XY,

Proof
See [16], IV.32, p. 60. "

It6’s Lemma gives us a tool for handling stochastic processes. Loosely speaking, it is
the stochastic version of the chain rule in ordinary calculus.
The following theorem establishes a link between partial differential equations and

stochastic processes and thus is a formula for valuating claims.

Theorem 5 (Feynman-Ka¢ Stochastic Representation Formula)

Assume that f is a solution to the boundary value problem

0 af 1 02
a—{(t,x) + pu(t, x)6—£ + §Uz(t’x)3_x€<t’ z)=0,
f(Tx) = h(x)

A detailed discussion on martingales can be found in [6], Section 2.

10



where the process o(u, Xu)g—f;(u, X,) is square integrable and X defined as (for s > t)

Xs—Xt:/ ,u(u,Xu)du—i-/ o(u, X,)dW,
t t

Xt =T.
Then f has the representation
f(t.x) = E[h(X7)|F]

where F; is generated by a Brownian motion ;.

Proof
See [1], Chapter 4, p. 59. n

Definition 2 (Novikov’s Condition)

A process ¢ satisfies Novikov’s condition, if

t1
Eexp (/ 5@036@) < 00.
0

3.2 Economic Terms

Definition 3 (European Option)
A contract, giving its holder the right, not the obligation, to buy one unit of a pre-defined
asset, the underlying S, at a predetermined strike price K on the pre-defined date, the

maturity date T, is called a European call option. Its payoff is

A FEuropean put option gives its holder the right to sell one unit of the underlying. Its
payoff is

Definition 4 (Forward)
A forward contract is an agreement between two parties to buy (sell) one unit of an

underlying for a predefined price, the forward price, on a maturity date.

11



Definition 5 (Put-Call Parity)
The put-call parity is a relationship linking the option premiums for a call and a put

option with same maturity and strike price
C(t,5; K,T) = P(t,5; K,T) = Sy — exp(—r7) K.

This relationship follows from no-arbitrage arguments and is model-independent.

3.3 The Black-Scholes Model

The Black-Scholes model was introduced 1973 and started a profound study of the theory

of option pricing.

3.3.1 Model Assumptions

The assumptions (see [2]) of the Black-Scholes model reflecting ideal conditions in the

market are summarized below:

1. The market is efficient, that is arbitrage-free, liquid, time-continuous and has a

fair allocation of information. That implies zero transaction costs.
2. Constant risk-free rate r.

3. The no dividend paying underlying follows a geometric Brownian motion: a process
described in (3.4).

4. Short selling are possible.

None of the assumptions is satisfied perfectly. Markets have transaction costs, under-
lyings do not follow a geometric Brownian motion and are traded in discrete units or
at most in fractions.® Despite those inconsistencies it is still a benchmark for other
models and a standard pricing model in the financial world, since it is a function of
observable variables and is easily implemented having a closed pricing formula. The

main distinguishing feature of the Black-Scholes model is its completeness.

§The distribution of returns appears to be leptokurtic — higher peak around its mean and fat tails,
compared to the standard normal distribution.

12



3.3.2 Dynamics of the Underlying

A bank account B; with deterministic continuously compounded interest rate r exists

and an investment of By = 1 evolves as:
t
B —1- / r Budu (3.3)
0
equivalent to

B; = exp(rt) . (3.3)

The price of the underlying S; follows a geometric Brownian motion:

t t
Sy — Sy = / 1S, du + / oSy, dW, , (3.4)
0 0

2 is a non-

where p denotes the instantaneous expected return of the underlying, o
stochastic instantaneous variance of the return and at most a known function of time,
W, is a Brownian motion.

This implies a lognormal distribution of the underlying. To see that apply It6’s lemma

on G:=1InS,;
t 1 ¢ 1
Gy — Gy = / (n— 502)du +/ odW, = (p — 502)15 + oW,
0 0

That is In S, ~ N (111 So+ (n— %UQ)t, a\/Z) and the dynamics of the underlying can be

written as

S; = Spexp ((u — %O’Q)t + O’Wt) . (3.4")

The Black-Scholes option price of European type at time ¢ is then a function of the
underlying Sy, strike K, maturity 7 = T — ¢, continuously compounded deterministic

interest rate r and constant volatility o:

Vi?? =n[Si®(ndy) — exp (—r7) K®(nd-)], (3.5)

13



with
+1 for a call,

—1 for a put

o0~ [ ()

J _ln%—i—(r—l—%az)T ¥ _ln%+(r——a2)7
T o\/T T o\/T

The main result (3.5) is obtained by constructing a riskless arbitrage-free portfolio. At

first we derive the Black-Scholes differential equation.

3.3.3 The Black-Scholes Differential Equation

We choose the bank account as the numeraire, that is B, = 1. We are to find the
appropriate shift, giving us an equivalent measure Q, under which the discounted price

processes are martingales?

. 174 .
V= Et =E*[V;|F] . (3.6)
t
Define a process
1 1.,
Zr=exp | —AW, — §(AWT, AWV | =exp | =AW, — 5)\ T, (3.7)

where \ := £ is called the market price of volatility risk.
Since Law(W; — W;) = Law(X), for X ~ N(0,T —t) it follows for the characteristic
function of (W, — W;) with v € R

E[exp (iu(W, — W;))] = E[exp (iuX)] = exp <—@) : (3.8)

We set t = 0 for convenience and observe for (3.7)
E[Z;] =E [exp (=AW — %VT)] =exp (— %/\2T)E[exp (*AWr) | (3.9)

1 1
= exp <—§A2T) exp (5/\2T) =1. (3.10)

YThis property is called the Risk Neutral Valuation, see [1], Prop. 6.9.

14



Thus we are able to apply Girsanov’s Theorem and define an equivalent martingale

measure Q by
Q(F)=E"[Z,1,], VFeF,. (3.11)

It also follows from Girsanov’s theorem that W, := W, + Mt is a Q-martingale. And

(3.4') writes in terms of W, as
1, .
ST:Stexp (7’—50' )T+U(WT_Wt> )

22

or in terms of a stochastic variable Z ~ N (0, 1) with density ¢(z) = \/Lz—ﬂ exp (=)

Sy = Syexp ((r — %oﬂ)r - m/?z) : (3.12)

Applying the Feynman-Ka¢ Stochastic Representation Formula and (3.12) we receive for

the case of a European call option
Vi = exp(—r7)E®[h(S.)|F] . (3.13)

In the following we assume S; to be Markovian.| Let us denote with V' = v(t,S;) the
value of the payoff of a contingent claim h :=n(S; — K)*. By Itd’s Lemma

i 1 i
Vi—Vo = / (MSU 0sv + Oy + 50255 8ssv> du + / oSy Osv dW, , (3.14)
0 0

where 0 denotes the corresponding partial derivative.
Furthermore, the stochastic part of the change in the option price is assumed to be
perfectly correlated with the underlying changes. This allows to set up a portfolio II

consisting of a short position in a claim and a long position of A units of the underlying:

I=-V+AS. (3.15)

IThe future behavior of the process S; given what has happened up to time ¢, is the same as the
behavior obtained when starting the process at S;; see [20] p. 109.

15



A change in the value of the portfolio over a time interval ¢

t
M, — Tl = —(V; — Vi) +/ AudS, (3.16)

0

Substituting (3.4) and (3.14) into (3.16) and rearranging

t 1 t
II; - 11y = / <— Sy Osv — Oyv — 50253 O+ Au,uSu> du+/ (— oS, 00+ AuaSu) dW, .
0 0
(3.17)

Choosing A = dsv (3.17) becomes

i
I; — Iy = / ( — 0w — 30253 8551)) du . (3.18)
0

To exclude any arbitrage opportunities the portfolio II must earn at a risk-free rate r**

t
I; — I = / rI,du . (3.19)
0

Setting (3.18) equal to (3.19) and substituting from (3.15) we obtain the Black-Scholes

differential equation

1
O + rsdsv + 50232 Oss — 10 =0, (3.20)

where v and its derivatives are evaluated at (¢,5;). The boundary condition for the

partial differential equation above is given by

o(T, Sy) = h(Sy) .

**This follows from simple arguments excluding arbitrage.

16



The solution to (3.20) can now be derived with (3.13).

V; = exp(—r7)E®[h(S7)|F] = exp(—r7)E®[h(S,)|S; = 5]

— exp(—r7) /_ - [5 exp ((r _ %O—Q)T + o—ﬁz> _ K] Loy 6(2)d2

o0

with 7 := (r — 10?) and 2 := (In £ — #7)/(0/T) we get

/+°° s exp (w + cr\/_z> (2)dz — K - ¢(z)dz)

20

)
— exp(— (sexp ) exp(_%(z—a\/_) + oT)dz—K<I>( ))
-

= exp(—

seprr) [ \/127 exp < e m/?)?) dz — ch(—zo>>

exp ( LIPy >dz — exp(—rm) K®(—2)

= exp(—

2

20 V2T 2

and recognizing the integrand as the density function of Z’ ~ N (o/7, 1) the result (3.5)
for a call option follows with Z’ — o/ ~ N(0,1). Put premium follows then with the
put-call parity.

3.3.4 Implied Volatility

The Black-Scholes model is often chosen as a starting point. However, empirical results
have revealed that the model experiences heavy deviations from the realities of current
options markets — the crucial Black-Scholes assumption of constant volatility misprizes
a number of options systematically. There are several concepts of volatility to fix this
problem. Two of them are briefly introduced below.

Historical volatility is based on historical market data over some time period in the
past. It can be computed as the standard deviation of the natural logarithm of close-to-

close prices of the underlying:ft

e 3 (e () - (e ()

1=

t1See [9], pp. 239-240.
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where z1, ..., x, are the close-to-close prices, equally spaced with distance At, which is
measured in years. The denominator n — 1 is chosen to form an unbiased estimator and
for an estimator for the historical volatility follows

9
&h

At
A problem coming up is the appropriate period of time over which the estimation should
be calculated: a very large set could include many old data, which are of little importance
for the future volatility, since volatility changes over time.
A direct measurement of volatility is thus difficult in practice. Since we assume the
market is efficient, it provides us with proper option premiums. It is also aware of the

proper volatility. This feature forms the concept of implied volatility.

Definition 6 (Implied Volatility)
Implied volatility I is the volatility, for which the Black-Scholes price equals the market
price

VP3(t, Sy, K, T; 1) = VME. (3.21)

Note, that the put-call parity implies that puts and calls with the same strike have
identical implied volatilities. Implied volatility can be thought of as a consensus among
the market participants about the future level of volatility — assuming a fair allocation of
information, as well as a same model used by all market participants for pricing options.

A concept closely related to implied volatility is smile effect — volatility obtained from
market prices is often U-shaped, having its minimum near-the-money, often defined as
an interval, for which

0.95<m <1.05.

Deviation of implied volatility from a constant Black-Scholes volatility can be viewed as
the risk premium payable to the holder of the short position, which indirectly implies
volatility to be fungible.? Trading volatility is accomplished for example by selling vega
— a position achieved by selling an option. This technique makes profit if the underlying
exhibits no movements or falls. Trading a time spread — is a portfolio, consisting of
long and short options with different expiries and, typically, same exercise price. Long
time spreads — buying a long-dated option and selling a short-dated one — become more

worthy with increasing volatility, since a long-dated option has a larger vega.

H A number of products allow brokers to trade pure volatility, for example volatility or variance swaps,
volatility indexes or futures on volatility indexes.
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As indicated by several researchers, volatility tends to be mean-reverting (e.g. see a
current research on implied volatility indices [5], [9], p. 377 or [13], p. 292). A unique
implied volatility given the Black-Scholes price can be found with numerical procedures

(such as Newton-Raphson used by Matlab), since

aCBS
do

=A>0.

This legitimates a market standard to quote prices in terms of implied volatilities.
Most of the time implied volatility is larger than historical. Implied volatility increases

in time to maturity and becomes less profound — compare Figure B.1.

3.3.5 The Greeks

Traders are interested in risks connected to a particular option. The sensitivities of an
option can be described by partial derivatives of the option premium with respect to the
model and the parameters.

We list the most commonly used of them for vanilla options in the Table 3.1, where ®(z),
7, dy and d_ are defined as in (3.5) and

o) = S5 = e (—5) |

I' and = give the curvature of A and A correspondingly. The Greeks containing partial

derivatives with respect to volatility, measure sensitivities to misspecifications within
the model. Other Greeks, as © = 9V/0t and p = 9V/0r, are less important — in the
case of Theta we have a deterministic time-decay and the magnitude of Rho is extremely
small.

Hedging against any of the sensitivities requires another option and the underlying
itself. To eliminate the short-term dependancies on any of the Greeks, hedgers are
required to set up an appropriate portfolio of the underlying and other derivatives.

Some useful relations and notations.

For an option with strike K one has

A(t§ K)CALL - A(t§ K)PUT =1
0< A(tQ K)CALL <1.

Especially Foreign Exchange markets speak about plain vanilla options in terms of Delta
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Greek Representation

Delta A:% n®(nd.,)
2
Gamnma Gr s
veer G S/79(d:)
2
Volsa =27 Wb,
Vanna \11:582;7 —%¢(d+)
3
Dual Delta A*:g—}‘; —nexp(—r7)®(nd_ )

Table 3.1: Greeks for European options

and quote those in terms of volatility. It abstracts from strike and current underlying
price, giving a transparent and a user-friendly method. A kA option, is an option whose
A'is k/100 for a call and —k/100 for a put. For detailed relationships among the Greeks
see [14].
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4 Vanna-Volga Method

The Vanna-Volga method is commonly used by market participants trading foreign ex-
change (FX) options, which arises from the fact, that the FX market has only few active

quotes for each maturity:

0A straddle is a long call and a long put with the same strike and expiration date
— trader bets on raising volatility. The premium of a straddle yields information
about the expected volatility of the underlying — higher volatility means higher

profit, and as a result a higher premium.

Risk-reversal is a long out-of-the-money call and a short out-of-the-money put with a
symmetric A. Most common risk-reversals use 25A options. Traders see a positive
risk-reversal as an indicator of a bullish market, since calls are more expensive than

puts, and vice-versa.

Vega-weighted butterfly is constructed by a short at-the-money straddle and a long 25A
strangle.* A buyer of a vega-weighted butterfly profits under a stable underlying.
A straddle together with a strangle give simple techniques to trade volatility.

The AtM volatility ¢ ,4,,, is then derived as the volatility of the 0A straddle and the
volatilities of the risk-reversal (RR) and the vega-weighted butterfly (VWB) are subject
to following relations:

Orr = Oasacarr — Oa2sapur

1

Ovwp = 9 (025ACALL + UzsAPUT) — Oatnm -

Implied volatility of a risk-reversal incorporates information on the skew of the implied

volatility curve, whereas that of a strangle — on the kurtosis.

*Strangle is set up by a long kA call and a long kA put. The strategy is less expensive than a straddle,
being profitable for a higher volatility.
See [21], p. 35.
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With the volatilities received in that way, Vanna-Volga allows us to reconstruct the
whole smile for a given maturity. At first one evaluates data received with this method
as proposed by Castagna and Mercurio in [3|. In the research the authors applied Vanna-
Volga on EUR/USD exchange rate and obtained good results for strikes with moneyness
0.9 <m<1.1.

We evaluated the method for call options on EURO STOXX 50 for a time period of
one month with two different maturities. In this chapter we only introduce the results
obtained within Vanna-Volga method. An interpretation and further discussion of (4.4)

and (4.5) are given in Chapter 5.2 and Chapter 5.3 correspondingly.

4.1 Option Premium

As already mentioned, moneyness is defined as m := % A daily set of strikes, range
of moneyness, satisfying this requirement K, := {K; | 0.8 < m < 1.2, F}, with
K; < Kj, fori < j is totally ordered. The Black-Scholes price of a European call option
at time ¢, with maturity 7" and strike K is denoted by C”%(t; K); the corresponding
settlement price by C**(t; K).

We choose some option, the reference option, and use its implied volatility for calcu-
lation of the Black-Scholes prices, for Black-Scholes assumes constant volatility. By @
we denote the implied volatility of the reference option, the reference volatility. At first
we compute the theoretical values for Vega, Volga and Vanna for K; using the formulas
from Table 3.1.

Our aim is to construct a weighted portfolio consisting of three liquid options with
strikes K, Ky, K3. Since those options are frequently traded, their implied volatilities
o1, 09 and o3 are precise and can be calculated easily. The constructed portfolio should
be vega, volga and vanna neutral with respect to an illiquid option with strike K. The

time weights x1(t; K), z5(t; K), x3(t; K) then make the portfolio instantaneously hedged

22



up to the second order derivatives.
3
2(t; K) le (t; K;) - E(t; K;) (4.1)

or in matrix notation

v=A-z. (4.1)

Proposition 1

The system (4.1") admits a unique solution z = A~! - v, with z; given by

A K) Infem K
n ) = K g ln%lﬂ%
oy A K) g In G
ot ) = A(t; Ky) ln% ln% (4.2)
. B A(t; K) ln%ln%2
w3t K) = A(t; K3) In 42 In £2
Proof
4] = -SRI [0 (R (1) (K2) + () ()R
— . (K)d-(K))d- (K3) — do (K3)d-(Ks)d_ (K>) — d_(K)dy (K2)d-— (K>)
+dy (K1)d_(K1)d (KZ)}
At Kl)/;(; BIiZ)A(t; Ks) | % o % In % (4.3)

For positive K; < Ky < K3, |A| < 0 and the unique solution for (4.1") follows from

Cramer’s rule. m
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The option price with an illiquid strike K is then given by
3

CtK) = CP(tK) + > xi(t; K) - [CY( K;) — (1K) (4.4)

i=1

4.2 Implied Volatility

The implied volatility 6., corresponding to the pricing formula (4.4) is approximated

by the sum of the reference volatility @ and a term including the basic volatilities oy, o9

and o3
—0 o2 +d(K)d_(K)(2eD,(K)+ D_(K
oy ST NP TR (K)EDL () + D (K] s
4. (K)d_(E)
where d; (K) and d_(K) are as in (3.5) and
In &2 1n &2 In & In &2 In £ In £
DyK)i= kK B Ky KR, g
IHK—lan an—lan—2 hrlEan—2
In &2 p &2
D_(K): = L E AL (KA (Ko - o)
In 22 In 32
1 1
lnﬁln& 1n£ln£
+ R B K (K2) (2 =) + T d (Ko (K)o = 9)°

As pointed out by Castagna and Mercurio in [3], the above approximation for EUR/USD
exchange rate options is extremely accurate for 0.9 < m < 1.1, although been asymp-
totically constant at extreme strikes. Another drawback is that it cannot be defined

without the square root. However the radicand is positive in most applications.

4.3 Vanna-Volga Result for EURO STOXX 50

We calculated the resulting option price, together with the implied volatility approxima-
tion for all ("gf‘) combinations of strikes. The best-fitting curve for the implied volatility
and the corresponding option premiums are depicted in Figure 4.1 and Figure 4.2. As
we see, the approximation delivers very good results for around at-the-money options;
Asymptotically constant volatility for deep in-the-money options is obvious. An evalua-

tion of Vanna-Volga and its comparison to the extended method are given in Chapter 6.
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Figure 4.1: The Vanna-Volga method for OESX-1206, 7 = 0.1205.

The upper graph shows the volatility approximation (the light blue line) compared to the
market implied volatility (red line), where the markers give the positions of the anker

points.
The lower, the corresponding option premiums.
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Figure 4.2: The Vanna-Volga method for OESX-0307, 7 = 0.3999.

1.2

The upper graph shows the volatility approximation (the light blue line) compared to the
market implied volatility (red line), where the markers give the positions of the anker

points.
The lower, the corresponding option premiums.
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5 Investigating A-neutrality

As we have observed, the Vanna-Volga method also delivers good results for index op-
tions. Asymptotically constant volatility for extreme strikes could come from the lack in
A-neutrality. A hedge against movements in the underlying is the most “natural” prac-
tice among traders. Thus we will investigate consequences of extending the Vanna-Volga

method by introducing A-neutrality.

5.1 Portfolio Construction

Let us now construct a portfolio of four liquid options with strikes K, Ky, K3, Kj.
We can easily derive the corresponding implied volatilities o;, i« = {1...4}. With
CME(t; K;), K; € K we denote option premiums of liquid options. As in Vanna-Volga
method we are to find time-dependent weights 1 (t; K), z2(t; K), x3(t; K), z4(t; K), such
that the constructed portfolio remains delta, vega, vanna and volga neutral with respect

to an illiquid option with strike K

Alt; K) =) it K) - At K))

4

or using matrix notation, with column vectors v and x

v=A-x. (5.1)
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Being delta, vega, volga and vanna-neutral, the portfolio is furthermore also gamma-
neutral. This arises from the Vega-Gamma relationship for European plain-vanilla op-
tions (see [12])

1 T

oA = -0*S°T. 5.2

50N =50 (5.2)

From the Black-Scholes Differential Equation (3.20) we derive, that it is also © neutral.
Thus this portfolio is hedged against all Greeks up to the second order.

Now we are to find the appropriate interest rate. This is done by minimizing the
put-call parity in r under the assumption of arbitrage-free forward valuation (see [1], p.
91).

The arbitrage-free forward price F}; at time t with maturity 7" is given by
F, = exp(rT)S;. (5.3)
Then the put-call parity written as a function of r is:
p(r) = Cy — P, + exp(—r7)(K — F). (5.4)

Minimizing p(r)? in r by OLS-method we retrieve the interest rate consistent with the
market prices
mrin Z (Cy — P, + exp(—r7)(K — Fy))?| . (5.5)
Keky

The goodness of this method can be proved by comparing the corresponding futures
prices* derived from the recovered interest rate according to (5.3). For that see Table A.1.

The Vanna-Volga method used three strikes to calculate the option price: a 0A strad-
dle, a 25Arisk-reversal and a vega-weighted butterfly. These particular options were
chosen, because the FX market has very few active quotes.

This is not the case for index options — being frequently traded, the market becomes
even more liquid through market makers.

One important question to address is the appropriate choice of the four strikes. Let
ki := |KC¢| be the number daily strikes that match the moneyness condition (in our case
k was about 30). Thus we have to test all (k‘) combinations of strikes. Do quotes within

4
the strike price windows of PML and PMM-intervals deliver better results?

*Under deterministic interest rates futures and forward prices coincide, see [1], p. 92.
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5.2 The Pricing Formula

Proposition 2

The system (5.1) admits always a unique solution.

Proof
At first consider that

A OmA

— S%ro .

A s

Since A is strictly increasing in S, In A is also strictly increasing in S and % strictly
decreasing. From the duality of S and K follows

(ST@KL) — (Kl@ aglsAL). (5.6)

Applying Proposition 1 we write the determinant of A as

A2A3A4 Kg K4 K4 A1A3A4 K3 K4 K4

Al=—-(A In—In—In—-A In —In—1In—

| ‘ ( ! 50'57'2 nK2 nKQ an 2 ‘5'0'57'2 nKl nKl an

A1A2A4 K2 K4 K4 A1A2A3 K2 Kg Kg

A In—Ih—Ih—-A In —In—1In—

* 3 50'57'2 nKl nKl nKQ 4 SO’ST2 nK1 nKl nKQ
A1A2A3A4 Al 1 Kg 1 K4 1 K4 AQ 1 Kg 1 K4 1 K4
= |\ ——mh-—mM-—-MmM———M — 1N —/— N —
50'57'2 Al KQ K2 Kg Ag K1 K1 Kg

2.7
As Ky Ky Ky Ay Ky K K (5:7)
A1A2A3A4 Js Kg K4 K4 Js Kg K4 K4
= — In—In—In— — In—In—In—
S3g673 alHAl KQ K2 Kg alnAg Kl Kl Kg
88 K2 K4 K4 88 KQ Kg Kg
——h——h—h——-————h—Ih—In— 5.7
+ 3lnA3 nKl nKl an 8111A4 nKl nKl nK2 ’ ( )

where A; := A(S;, t; K;) and A; := A(Sy, t; K;).
Simple algebra shows

B8 Bay B Kay K K4+1 Koy Bay By ) Koy Ky K3—0
IIK2HK2I1K3 nKanan3 nKananz nKananQ—.

Summing up, the term before parenthesis in (5.7") is negative and for the coefficients

28



before logarithm terms in parenthesis we observe with (5.6)

0s 0s

A
oA, ~ oma, T

since K; < K, for¢ < j.
Thus, |A| < 0.
The unique solution for (5.1) follows from Cramer’s Rule with (5.7)

A (fEmiSmis - L m ) 2 (S - S i)
wl(t;K)_Alln?(ﬁllnggln%—AQIHKSIHK“)—F]H (A3an4ln——ﬂan3l g—)
m(t;K)_AKlnf[g;l(ﬁlllnfl?ln@%1nK31 nE ) (i m e - S G £y

A (Pmiemis - Lnem) i me(EnEn - Smbnd)
xs(t;K):AKlnfl%(ﬁllln;éln%—ﬁjl Kmia)rmie(fembmis - 4mEmk)

A3ln%(%ln%ln%—%ln%ln%)—i—ln%(%ln%ln%—A“lng‘?’ln )
u(t;K):AKlnlg(ﬁ;lngglng—ﬁl i ) e (R - S e )

Ay ln%(%ln%ln%—ﬁlnm’ln[()—i—ln%(%ln%ln%——anﬂnK‘*)

(5.8
where A; := A(S, t; K;), Ag := A(Sy, t; K) and A; := A(Sy, t; K;), A := A(Sy, t; K). m

Then the option premium C (t; K) of the illiquid option with strike K is:
4
C(t; K) = CP(4K) + > mi(t; K) - [CVF (4 K;) — C™5 (4 ;)] (5.9)
i=1

or substituting from (5.1’) and y a column vector, with y; := C"*(t; K;) — C?%(t; K;)
Ct: K)=CP(t; K) + (A™) y = CP5 (1 K) + v'w (5.9')
where w := (A")™"

Properties of (5.9):

1. The option premium approximation formula is a inter or extrapolation formula of

C (t; K). Thus on the one hand we are able to price far out-of-the-money, as well

29



as deep in-the-money options. On the other hand we retrieve premiums even for

options that are not offered by the market place.

2. The four anker points C"*(t; K;), i = {1...4} are matched exactly, since for
K = K; we have (compare Table A.2)

1 fori=j,
ri(t; K) =
0 otherwise

3. However, the pricing formula delivers not always arbitrage-free prices, that is

C’(t; K;) < C’(t; K;), forsomei< j, K, €K.

4. Following no-arbitrage conditions still hold

a) C(t; K) € C2((0,+00))

b) limg_ 4o C(t; K) =0
This is an economic interpretation of the pricing formula (5.9):
The vector w is interpreted as a vector of premiums of the market prices that must be
attached to the Greeks in order to adjust the Black-Scholes price of liquid options. This
adjustment is called an over-hedge. With this interpretation, A, A, = and ¥ can be seen
as proxies for certain risks — volga correction for the kurtosis and vanna correction for the
skew. Traders, willing to offload these risks to another party, should compensate them;
those bringing the risks into the market, should pay for them. The market cost of such
a protection form the weighted excess one has to add to the theoretical Black-Scholes

price.

5.3 Derivation of the Implied Volatility

To emphasize the dependance on the volatility we rewrite (5.9) as
4

C(t K) = CP (4 K;0) + Y mi(t; K) - [CMF(t; Ki; 03) — CP5(t K159)). (5.10)

i=1
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We approximate the option premium C (t; K) by the second order Taylor expansion of

(5.10) in @

4
C(t; K30, 44.) = CP5(t; K;7) + in(t; K)- {CMK(t;KZ-;E) —

g

=1 (*)

CP8(t; Ki;E)]

0CP3(t; K;7)
+ - 7
Oo

(@-79)

192CP5(t; K; o)

R G
+%§;xi(t; X)- [OQCM;(;;KZ»;E) (o — )2 820338(:2&;5) (5—5)2]
=C*(t; K;7) + i zi(t; K) - 8CMKg;KZ‘ Do~ )
l.zi:x. : )_aQCM};(;Ki;E)(Ui _ 3
=S (t +sz (t; K) { (t; Ki;7) (0 a)+%~E(t K;;5)(0: —9)?] |

(5.11)

with (%) vanishing, since the market price of options under constant volatility & equals

the Black-Scholes price (compare (7.13)).
On the over hand the market price of the illiquid option is:

e e DC(GEGT) 1 PO K D) :
C(t; K;6,) = OV (t; K;7) + o (Gux =0) + 5 552 (0 — )
=C"(t; K;0) + A(t; K50)(00c —0) + % E(t K;9) (60 — )7
(5.12)

where C"*(t; K;7) turns into C'?%(¢; K;7) for the same reason as in (x). The same is

true for its derivatives.
The implied volatility 6, follows by equating (5.11) and (5.12) and solving the second-
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order algebraic equation

—A(t; K;7) £ /At K;5)2+2-2(t K;0) - &
=(t; K;0) ’

At =
o-t;KNo-_{_

(5.13)

where
y 1
o= 3ot ) | A5 K5) (03~ 9) 4 5 (6 K)o — o)
=1

Matching the anker volatilities exactly, the formula above gives an easy to implement
approximation of the implied volatility. Empirical tests have shown, that the second
solution o, delivers a flat structure.

The formula above gives us an comfortable way to derive implied volatilities. A
noticeable drawback is its dependence on rigorously derived option premiums. As already
mentioned, option premiums are not always arbitrage-free. This has severe consequences
on the derivation of the implied volatility. However, we are able to provide a control
tool for the slope of the implied volatility curve.

We use the definition and properties of implied volatility, which itself is a function of
moneyness. For a fixed ¢ and thus constant S; equation (3.21) can be written in terms

of moneyness as

CME = S (I(m); m) .

Taking the derivative with respect to m and noting that C"* is decreasing in K we

obtain

oCcM*c 9CP(I(m);m) OI N OCPS(I(m);m)

oL <0
om oo om om -
SVFO(ds) - oo — Sexp(-rT)B(d_) <0

giving us the upper bound for the slope of the implied volatility curve. Similar derivation

for P, which is increasing in K, provides us with a lower bound. Altogether we get:

2m d ol 2m d
—\/?exp(—rT—i-%)(I)(d_) < ™ < \/?exp(—rTJr%)CI)(d_) :

5.4 Justification

In this section we give a justification for (5.9) using It6’s-formula.
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Let us assume, a function C, depends on S;, 7 =T — 0, K and o,. We allow o; to be

not only time-dependand but also possibly stochastic. Applying It6’s Lemma we get for
the value of a vanilla option C (Sy, t; K 04)

. . Toc Toc T10%C
O(ST, K,O't) = C(So, K,O’o) + /(; %ds + . Edt +/O 5@61(8, S)
Toc i T10°C
+ /(; %dU +/0 8880d<s7 0’> +/(; §Wd<0', O’> .

The first three integral terms form the Ité-expansion of the Black-Scholes price, the
theoretical price. The latter three come from the stochastic volatility and give an ad-

justment to the theoretical price. Hence for an arbitrary option C(Sy; K;; 04, 7)
CM*(S; Ky 00, 7) — CP(Sy; Ky 04, 7)

gives its stochastic part, which can be approximated by a delta, vega, vanna and volga

neutral portfolio
4
D ai(t K)-[CVE (4 ;) — CP5(4 K]

=1
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6 Comparison

6.1 Results

Time series from 1.-30. November 2006 were chosen as a basis for the comparison — a
time span containing 22 trading days. In order to compare the results of both pricing
procedures December 2006 (OESX-0612) and March 2007 (OESX-0307) were selected as
option expiries — 44-15 and 135-106 days before expiry respectively. This corresponds to
very short-term and midterm maturities. Furthermore, the number of data point of the
two sets was approximately equal. Comparing the estimates for the implied volatility and
the option premiums of both methods, as well as the performance of the approximation
with increasing maturity, we were able to show the superiority of the A-neutral method
to the Vanna-Volga. The pronounced supremacy is although decreasing with increasing
time to maturity.

We are interested in the goodness of both methods. The following results are valid
for a fixed t. To focus on high vega strikes, the daily data set containing the received
volatility estimates is vega-weighted. Vega takes its maximum for at-the-money options.
A good approximation for the volatility in the region around m = 1 is more desirable,

than those in the wings. Thus we introduce weighting coefficients for each strike K; € K,

A(K)
2 en, M)

Table 6.1 and Table 6.2 compare the methods for the first (0.1205 < 7 < 0.0411) and
the second (0.2904 < 7 < 0.3699) data set respectively. Boxes with two columns give
the corresponding data for both methods.

The total volatility deviation is computed by vega-weighting
A(K))
0(K;) = I(K))|ss— 77 - (6.1)

KjE]Ct
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Total premium deviation is the sum over deviations of premium estimates

Y G — OV (k)|

KjG’Ct

followed by the strike at which the maximal premium deviation was attained.

Maximal premium deviation
max [C(K) — OV (K)].
i

Premium ratio is calculated for the maximal deviation

C(K) — C" (K,
C]\/IK(Kj)

as well as the estimated premium.
Figure 6.1 and Figure 6.3, show the best estimates, that is those with minimal total
volatility deviation, the premium estimates for the same set of strikes follow. Figure 6.2

as well as Figure 6.4 depicts the corresponding residuals:
the top graph: (I — &)
the middle graph: (C¥* — ()

~

the bottom graph: (C** — C')/CM¥ .
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Figure 6.1: Best volatility and premium estimates OESX-1206, 7 = 0.1205

The upper graph shows the volatility approximations for Vanna-Volga (the light blue line)
and its extension (the blue line) compared to the market implied volatility (red line), where
the colored markers give the positions of the anker points.

The lower, the corresponding option premiums.
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Figure 6.2: Volatility and premium residuals OESX-1206, 7 = 0.1205
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Figure 6.3: Best volatility and premium estimates OESX-0307, 7 = 0.3699.

The upper graph shows the volatility approximations for Vanna-Volga (the light blue line)
and its extension (the blue line) compared to the market implied volatility (red line), where
the colored markers give the positions of the anker points. The lower, the corresponding
option premiums.
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Figure 6.4: Volatility and premium residuals OESX-0307, 7 = 0.3699.
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6.2 Discussion

As the first result we can point out that the Vanna-Volga method as well as its extension
are applicable to equity index options.

Main results for both data sets are similar:

Over-all results become less precise, that is the accuracy region becoming more tight

(compare Figure B.4), with declining maturity.

Out-of-the-money region
e Volatility approximation by both methods flattening.

e Premium approximation by Vanna-Volga is more precise — due to very small
premiums, even tiny deviations have extreme consequences for the price and

correspondingly to the ratio.

At-the-money region

e Volatility and premium approximation by both methods are very good.

In-the-money region

e Volatility approximation by Vanna-Volga extension is more precise — due to
the fourth anker point, the moneyness range was extended by 0.1, which

corresponds to approximately 8 strikes.

e Vanna-Volga extension produces much better premiums in absolute values;
Due to the high premium prices for deep-in-the-money options, the ratios are

approximately equal.

6.3 Choice of Anker Points

The choice of anker points in the Vanna-Volga method was driven by the fact, that the
risk reversal and the vega-weighted butterfly belong to the few liquid options in the
FX market. Surely, this choice does not deliver good results in all cases. The empirical
results have shown, that the range of strikes becomes more tight with declining maturity
— thus we are not able to give the set of strikes, delivering the best result for all maturities.
Nevertheless there are regions delivering good results for almost all maturities (compare

Figure B.3). Evaluating the corresponding histogram (Table A.3) we are able to give a
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recommendation for the choice of strikes in terms of moneyness:
Ky ~0875 Ky~0975 K3=~1.025 K;=~1.125. (6.2)

Thus a pretty good choice would be equidistant distributed diametral strikes (compare
Table A.4).
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7 Pricing Under Stochastic
Volatility

Though, the Vanna-Volga method is widely spread among traders, there is no mathemat-
ical explanation for the option pricing formula (5.9) — only heuristic justification with
[to exists. While searching for a theory which could explain the pricing formula, one
particular model seemed to deliver interesting results: under mean-reverting volatility
the appropriate option price could be represented by a Black-Scholes price adjusted by
a sum of Gamma and Speed. Further investigation has shown, this model delivers the

desired explanation.

7.1 Dynamics

We assume an underlying depending on volatility, which itself is a function of a mean-
reverting Ornstein-Uhlenbeck (OU) process. Under a high rate of mean-reversion volatil-
ity is pulled back to its “natural” mean level on a shorter time scale than the remaining
time to expiration of a particular option. The results of the first two sections were
derived by Fouque et al. [7].

At first consider the dynamics:

t t
Si— Sy = / (1S, du + / F(Y)S,dW, (7.1)
0 0
t t
Y — Yy :/ a(m — Y, )du + / BdZ, (7.2)
0 0

Zy = pWy+ /1= p2Z,

where W; and Z, are independent Brownian motions, « is the rate of mean reversion, m
long run mean of Y;, ( is the volatility of volatility — VolVol, |p| < 1 is the correlation

coefficient between price and volatility shocks,* f(-) some positive function. At discrete

*The case p = 0 implies smile effect, as shown by Renault and Touzi in [15].
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times the price of the underlying is observable, volatility o; := f(Y;) is not observed

directly and is subject to a hidden Markov process. The solution to (7.2) is

¥i =+ exp(—at)(¥—m) + 5 exp(—alt — u)dZ,

and given Yy, Y; is Gaussian

2

Y; —exp(—at)Yy ~ N <m(1 — exp(—at)), g—a(l — exp(—Qat))) :

The unique invariant distribution for Y is then N (m, %) (see [10]), providing a simple
building-block for stochastic volatility models with arbitrary f(-). The existence of a
unique invariant distribution means, that Y is pulled towards its mean value m and the
volatility of (7.1) approximately towards f(m) as ¢ — oo. In distribution it is the same

as if a, the rate of mean reversion, tends to infinity.

7.2 Pricing

The following risk-neutral pricing is also valid for non-Markovian models.
By Girsanov’s Theorem we introduce independent Brownian motions under an equivalent

martingale measure Q*

t
W=

W =W, +/ ———du,
! ' 0 f(Yu)

t (7.3
0

assuming (%,)\t) satisfy the Novikov’s condition. Since the market is incomplete

(volatility is assumed to be a non-fungible asset; compare the Complete Market Theorem
and the “Meta-theorem” in [1] ) we denote this inability to derive a unique equivalent
martingale measure by the dependance of Q on the market price of volatility risk X,
% is called excess return-to-risk ratio. The approach here is that the derivative should
be priced in order not to introduce any arbitrage into the market, — thus according to
(3.6) and that the market, that is supply and demand, selects the unique equivalent

martingale measure represented by A to price derivatives.
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Under new measure with the Radon-Nikodym derivative given by

e (o (g oo [y (02

the equations (7.1) and (7.2) are written:

S, — S —/t rSydu + /t f(Y,)SdW;: (7.4)
0 0
Y, —-Y, :/t {a(m -Y,) -0 (p(ﬂ_r) + A1 — p2)} du+/tﬁd2* (7.5)
0 f(Ya) o
75 = pWi + /1= p2Z; .

Any allowable choice of A leads to an equivalent martingale measure and by the Feynman-

Ka¢ Stochastic Representation Formula the option premium V' writes as:
%:EW(QM—meﬂUQ, (7.6)

where h(z) denotes the derivative payoff function.
If A = (¢, S, Y;) the setting is Markovian. In following we derive the partial differential
equation corresponding this case.

Since the market lacks enough underlyings to price options in terms of those, the
price of a particular derivative is not completely determined by the dynamics of its
underlying and the requirement that the market is arbitrage-free. Thus a valuation with
(7.6) requires a benchmark option G. Let G be an option with same parameters as V,
but with a different strike:

Vi=v(t,5,Y;), with V,=(S,—K)",
Gt = g(t, SﬁY}), with V., = (ST _ K/)Jr 7 K 7& K’

The price for V should satisfy market internal consistency relations, in order not to
introduce any arbitrage opportunities. Taking the price of the benchmark option as a
priory given, the prices of other derivatives are then uniquely determined — in consistency
with the Meta-theorem.

A riskless portfolio consists now of two options and the underlying:

M=V - AS— ~rG,
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which change over a time interval ¢ is

i i i i
/ dIl, = / v, — / A dS, — / X,dG, . (7.7)
0 0 0 0

Applying the It6’s Lemma on v and g, substituting from (7.1) and recombining the terms
(7.7) becomes

/dH —/ (@v%— —f(Y)2S2 O45v + 52 Oyyv + pf (Ya) S 685yv)du
[ (o4 A0S 0 + S 008000 ) i (79
0

t i
+ / (Osv — X, 0,9 — A,) dS,, + / (Oyv — X, 0,9) dY,, .
0 0

A choice
A = d,v— asgay” ,
v (7.9)
A — 9y
Oyg

makes the portfolio risk-free, eliminating the integrands of dS; and dY;.

At the same time the portfolio earns at a risk-free rate r in absence of arbitrage

i i
/ dll, = / rIl, du.
0 0

A substitution from (7.9) and the above consideration lead to:

opportunities:

<8tv + %f(y)232 Oss¥ + %QQ Oy + pf(y)sB Osyv — rv + 15 881)) /(Oyv)
(7.10)

1
= (81?9 + _f(y)252 8559 +

1
5 —3°Oyyg + pf(y)sBOsyg —Tg + s 359) /(9y9) ,

2

where v, g and their derivatives are evaluated at (¢,S;,Y}).
Each side of (7.10) depends only on v or g respectively. Thus, both sides should be equal

to some option-independent function (for we also could have taken an option ¢’, similar
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to v, but with a different maturity, instead of a different strike)

—(y) ==alm—y) - (p% + AL, s, y)ﬂ) , (7.11)
where A(t, s,y) is an arbitrary function.

The model parameters o, m, 3, p, i and X are not constant in general. But identifying
intervals of underlying stationarity we are able to take the parameters as constant. The
price of volatility risk is determined solemnly by the benchmark option G, that is by the
market itself.

The PDE corresponding to (7.6) is then written as
1 1
o + éf(y)282 OssV + 562 Oyyv + pf(y)sB Osyv — rv+rsdsv +(t, s,y) Oyv =0 (7.12)

subject to the terminal condition v(Ts,y) = h(s).f

The rate of mean-reversion « is crucial for validating the applicability of the asymp-
totic analysis. Thus we are to prove the volatility of the DJ EURO STOXX 50 to be
fast mean-reverting.*

A research by Dotsis et al. (see [5]*) explores several models describing the dynamics
of implied volatility of the main American and European volatility indexes — among them
VSTOXX. The estimation period covers a time span from 4,/01/1999 to 24/03/2004. The
likelihood function is estimated by the maximum-likelihood method from the density
function of the process following (7.2).

An estimation of the volatility parameters states that volatility of EURO STOXX 50 is
well described by a mean-reverting Gaussian process as in (7.2). Although other models,
especially those, based on a jump diffusion model, produced better explanations for the
time series, the estimates of the parameters a, m and g for a simple mean-reverting
Gaussian process are still significant. This allows us to apply the asymptotic analysis
described above.

Derived from the Black-Scholes price V7% described in (3.5), with the underlying
following the dynamics as in (3.4) and the volatility & given by constant volatility, the

following formula corrects the Black-Scholes price by a term containing the option I' and

TFor further details on the PDE see [19] and [17].

tFast mean-reverting in terms of the lifetime of the option, slow mean-reverting compared to the
intraday data.

§A compact version of the paper is to appear in the Journal of Banking and Finance, lacking three
models and some indexes, presented in the preprint.
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T (compare Table 3.1)

Vc(t, St,&) == VBS(t, St,E) - T- H(t, St,ﬁ) s (713)
where
_ aQVBS _ 83VBS _
H(t, St,O') :CQSEW(T/’ St,O') +CgS3 953 (t,St,O') (714)

with ¢ and c3 being constants related to the model parameters o, m, (3, p and the
functions f and A. Containing information about the market, the coefficients ¢y and c3
are not specific to any contract.

The coefficients are given by

Cy =0 ((5 —b) —a(r+ ;52)) :

C3 1= — ac® .
The estimates for a and b are derived from least-squares fitting to a linear function

It S; K. T)=a (me) +b.
where [(t,Sy; K,T) are the implied volatilities of liquid near-the-money European call
options of various strikes and maturities.
The variable (1“7“‘) is referred to as log-moneyness-to-maturity-ratio, which states that
volatility for longer maturities is linear function. This is often referred to as a skew and
is observable in a market; Right before the expiration volatility is commonly U-shaped

(compare Figure B.1).

7.3 Application on the Pricing Formula

Now we can derive the pricing formula from Section 5.2 under the assumption of the

mean-reverting stochastic volatility.

Proposition 3

The choice of x;(t; K) as in (5.1) implies speed neutrality.
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Proof

By the construction of the portfolio observe

At K) = ixi(t;f() At K3)

Nt K) = Oi(t; K) - OA(t; K;)
) ZE ) A K (4 K. )
Os ; Os (5 K:) + ;xl(t’ ) ds
and by vanna-neutrality
L Ori(t; K)
0= S At K;
; B (t; K;)
which applying (5.2) yields
L (L K)
_ 2 i\ .
= — Tt K) . 1
0=~ (t; K) (7.15)

By vega-gamma neutrality for portfolios of European plain vanilla options stated in (5.2)
it holds, that

D K) =Y @it K) - T(t; K)

which differentiated with respect to S becomes

v(o: 1) = 30 P g k) 43 ) 005

i=1

The assertion follows then with (7.15). "

We form a hypothesis, that with A\ being an independent parameter, the model de-
scribed in Section 7.1 can be adjusted to match C"*(¢; K;) for all K; € K;. In other
words, the market selects a unique equivalent martingale measure to price the derivatives

and provides us with appropriate prices observable in the market. The value of market’s
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price of volatility risk can thus be seen only in derivatives prices. This viewpoint is
called selecting an approximating complete market. The consistency of (5.9) with the

stochastic mean-reverting volatility model follows then by:

4
Clt; K;7) = C™(6K;9) + ) it K) - [OM (¢ Ky 0,) = O (8 Ki3 0)]
i=1
4
=C"(t; K;7) + in(t; K)-[CP%(t; Ky;0) — TH(t; K;;7) — CP°(t; Ky, 0)]
=1
4
= O (L K;5) — 7Y it K)H(t K;; )
=1
=C"(t;K;0)—71-H(t; K;0)
(7.16)

with the last step following from the choice of x; and Proposition 3.
That is, we replace the adjustment option to the Black-Scholes price in (7.13) with

weighted sensitivities of liquid options.
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8 Evaluation

The Vanna-Volga method as well as its extension are applicable to index options to
adjust for a skew as well as for a smile. Both adjustments represent real extra and
interpolation formulas, reproducing exactly the inputs. Although, neither the original
method, nor the extension guarantee for convex premiums.

The valuating procedure is for instance applicable on illiquid deep in-the-money op-
tions, whose premiums need to be known for the evaluation of volatility indexes. For the
same reason, one could use it for longer dated maturities, especially in the wings, since
those are not covered by the obligations for market makers and thus are poorly traded.
This could enable an extension of volatility-subindexes out to 5 years.

The formula for option prices (5.9), as well as the approximation of the implied volatil-
ity (5.13) both are easily implementable requiring no sophisticated algorithm and thus

no special software for their derivation — a simple excel sheet would suffice.
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A Tables

Expiration 200612 Expiration 200703
Date Market OLS-Forward | Market OLS-Forward
11/01/2006 4022 4022 4051 4051.2
11/02/2006 3983 3983 4012 4011.9
11/03/2006 3994 3994 4023 4023.0
11/06/2006 4054 4054 4083 4083.0
11/07/2006 4081 4081 4111 4110.2
11/08/2006 4080 4080 4110 4110.5
11/09/2006 4079 4079 4109 4108.6
11/10/2006 4071 4071 4100 4100.5
11/13/2006 4095 4095 4125 4124.5
11/14/2006 4088 4088 4116 4116.8
11/15/2006 4112 4112 4141 4140.7
11/16/2006 4116 4116 4145 4144.7
11/17/2006 4088 4088 4116 4116.3
11/20/2006 4104 4104 4132 4132.0
11/21/2006 4107 4107 4135 4134.5
11/22/2006 4104 4104 4133 4133.6
11/23/2006 4093 4093 4122 4122.6
11/24/2006 4056 4056 4085 4084.6
11/27/2006 3989 3989 4018 40174
11/28/2006 3980 3980 4008 4008.5
11/29/2006 4027 4027 4056 4055.6
11/30/2006 3994 3994 4023 4022.5

Table A.1: Comparison of market futures prices with obtained forward prices.
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’ Strike ‘ Ty Ty T3 Ty

3250 1.03244127 —0.06798949 0.06747687 —0.12158149
3300 1.03213298 —0.06728704 0.06669937 —0.12006348
3350 1.03106641 —0.06490269 0.06412412 —0.11513322
3400 1.02785631 —0.05788665 0.05676569 —0.10135903
3450 1.01941976 —0.039943 0.03861244 —0.06825608
3500 1 2488 — 17T  —4.33E — 18 1.46E — 17
3550 0.96075955 0.07737073 —0.07045937 0.11991063
3600 0.89106768 0.20742045 —0.17948611 0.296661
3650 0.78228683 0.39575872 —0.31885102 0.5078738
3700 0.63336433 0.62710768 —0.45650514 0.69437209
3750 0.45546439 0.85970073 —0.53792578 0.77247959
3800 0.27197992 1.03291294 —0.50370776 0.67259018
3850 0.1120851 1.08906021 —0.319133 0.38777758
3900 1.03E — 16 1 0 —-9.17F — 17
3950 —0.05450027 0.78325375 0.38330196 —0.34199154
4000  —0.05899325 0.49692847 0.73004275 —0.48872944
4050 —0.03333633 0.21548568 0.95022704 —0.36362382
4100 6.92E — 17  —0.92E — 17 1 2.31F — 17
4150 0.02465001 —0.12143942 0.89321655 0.47874992
4200 0.03417112 —0.1555234 0.68654465 0.92008895
4250 0.03057972 —0.13109841 0.45022459 1.20690971
4300 0.02002475 —0.08193401 0.24123217 1.29346233
4350 0.0085912 —0.03386264 0.08974422 1.2030917
4400 —8.66E — 18 1.73E — 17 0 1

4450 —0.00466712 0.01739399 —0.04025493 0.75558854
4500  —0.00607199 0.02214908 —0.04893456 0.52487838
4600 —0.00416339 0.01467601 —0.03026727 0.20291469
4700 —0.00167121 0.00573973 —0.01127501 0.06047165
4800 —0.00047885 0.00161136 —0.00305251 0.01432504

Table A.2: Typical set of coefficients. The anker points are set in italic.
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Figure B.4: Best volatility and premium estimates OESX-1206, 7 = 0.0411.

The upper graph shows the volatility approximations for Vanna-Volga (the light blue line)
and its extension (the blue line) compared to the market implied volatility (red line), where
the colored markers give the positions of the anker points.

The lower, the corresponding options’ premiums.
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Figure B.5: Volatility and premium residuals OESX-1206, 7 = 0.0411.
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C Matlab

A large part of the work was the implementation of the theoretical results in Matlab
code. Here we give a summary of the Matlab procedure for a fixed ¢.
Matlab allows scalars as well as vectors as input. Scalars DATE, TAU, FUTURE and
UNDERLYING (underlying close price) and vectors STRIKES, CALLS were easily re-
ceived from the data delivered in matrix form — division by variables in vector form,
taking to a power and multiplication have a special implementation:

The interest rate was derived in a variable RATE by the OLS-approximation according
to (5.5)

RATE =@(X) sum((CALLS-PUTS+exp (-X*TAU) .*(STRIKES-FUTURE)) ."2)

Next step was the calculation of Black-Scholes vectors A, A, ®, = with a constant
reference volatility . Financial toolbox relieve the handling with the Greeks — the most

prominent of them are available:
blsprice, blsdelta, blsgamma, blsvega

giving the corresponding sensitivities.
To accomplish the calculation of volatility we had to check all ("i”) possibilities. A

command
randerr(m,n,errors)

generates an m-by-n binary matrix, where errors determines how many nonzero entries
are in each row. This gave us a matrix which applied to a vector, e.g. STRIKES, CALLS,
A, A, ®, =, chose four variables as anker points. For all (fo') combinations we calculated
the coefficients x;(t; K), i = {1...4} subject to (5.8).

The calculation of the premium estimates according to (5.9) followed, which delivered
with (5.13) the volatility estimates. As already mentioned the radicand in (5.13) is not
always positive. Thus we had to filter the volatility estimates with an imaginary part,
what reduced the number of daily combinations by more that a half. Vega-weighting as
in (6.1) ordered the results.
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